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Consider the convex polygon P, = {Al, AZ,. . . , A,} with vertex points Ai = (ai,bi), i = 
1 “> m, interior P&, and length of perimeter denoted by L(Pm). Let, R, = {Bl, Bz, . . . , B,}, 
ihere Bi = (xi, yi), i = 1 , . . . , n, denote a regular polygon with n sides of equal length and 
equal interior angles; e.g., R3 is an equilateral triangle, R4 is a square, R5 is a pentagon, . . . , 
and R3so denotes a circle. The regular polygon R, is used to approximate Pm, and the problem 
examined in this note is to position R, with respect to Pm to minimize the area of the symmetric 
difference between the two figures. R, is centered at its median (or symmetry) point I = (x0, yO) 
with a given fixed orientation, and the “radius” of &, r(R,), is defined as the distance from I to 
any of its vertex points, i.e., r(Rn) = d(I, Bi), w h ere the Euclidean distance from (2, y) to Bi = 
(zi, yi) is defined as d((z, y), Bi) = J(z - xi>2 + (y - ~i)~. The regular polygon associated 
with Pm is defined such that L(R,) = t(Pm); e.g., in the case of the circular disk r(R3so) = 
L(P,)/2r. The constraint on the perimeter of the figure R, provides a shape of approximately 
the same size as Pm. 
The symmetric difference between Pm and &, P,AR, is defined as 
Pm&t = Pm\&+&\Pm, 
and the area of the symmetric difference, A(PmA&), is computed by 
A(PmAR,) =A(PmuR,J -A(PmnR,). 
The point which minimizes the functional 
(1) 
is called the generalized Steiner point, and the polygon R, located at the extremal location will 
be labeled the regular Steiner polygon. This formulation generalizes the notion of the Steiner 
disk [l] (see also [2, p. 56)). In the case of the Steiner disk, it is (well) known that the Steiner 
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point is the “best” approximation of P,,, by a circle (in the sense of minimizing the area of 
the symmetric difference), is uniquely defined, and can be algebraically computed (essentially a 
weighted centroid calculation with weight equal to the internal angle at each vertex) for a convex 
polygon P,,, [3]. For a regular polygonal approximating shape, and more generally, for a convex 
polygonal form Q,, closed form expressions for the solution to the problem 
are not available [4], and thus a numerical solution methodology is presented here. 
A more formal development of problem (2) is obtained through the introduction of support 
functions. The support function of a convex figure K that contains the origin is defined as 
H(K u) = &(u) = max{(u, v) I Y E K), 
where (u, y) denotes the inner product of u and y, and 21 is an element of the unit circle Sr. It 
is clear that HK(u) is a continuous 2n-periodic function of u E S ‘. For related properties of the 
support function, see [2,5]. The &-metric in function space, 
2.x 
hz (Pm, Q,) = I&A, (u>- HP% (~1 I2 du 
is equivalent to the symmetric difference area functional, 
A (PmAQn> = h2 (Pm, Qn) , 
which yields the following equivalency: 
yiyI(P&Q,) =~i+Pm,Qn)- (3) 
Using this equivalency, two solution methodologies to the symmetric difference optimization 
problem are presented. The LHS of formulation (3) yields a direct solution approach and the 
RHS yields a support function formulation. Each approach is now considered. 
Direct Solution Approach 
For R, centered at point I E Pi, 
Step 1. compute the intersection polygon Pm II R,; 
Step 2. compute the area of Pm II R,, A(P, n R,), and determine the area of the symmetric 
difference functional A(P,AR,) = A(Pm U R,) - A(Pm n Rn); 
Step 3. minimize A(P,AR,) over Pm. 
To perform Steps 1 and 2, consult any standard text on computational geometry [6]. The details 
are tedious but the implementation is straightforward. To perform Step 3, generate a grid over the 
polygon Pm and evaluate the symmetric difference functional for the points that compose the grid. 
The symmetric difference functional is thus directly constructed. Constructive techniques work 
well in low-dimensional realizations of geometric problems, and more sophisticated approaches 
are not warranted. 
EXAMPLE. p8 = ((4, O), (3, I), (%3), (7,5), (4,6), (1,5), (0,3), (&I)}. 
The perimeter L(P8) = 22.75, and this value determines the size of the approximating regular 
polygons Rs and Rq, and the circle R 360. In Figure 1, the symmetric difference area functionals 
are depicted in an inverse position (the base polygon P8 can be seen as a halo) and the solution 
centers are shown in Table 1. Roughly 700 points were computed in the generation of the grid 
and the construction time is on the order of a few seconds. I 
The symmetric difference optimization problem can also be solved indirectly using a support 
function formulation. 
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Figure 1. The symmetric area difference functional for the base polygon Ps = 
{(4,@, (8, I), (9,3), (7,5),(4, fi), (1,5), (‘%3), (1,1)) computed through a direct con- 
structive approach using the approximating regular polygonal shapes Rs and Ra. 
and the circle &so. 
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The solution centers for the regular Steiner polygons and value of the symmetric area 
difference functional. 
R?l (x*,Y*) A(z*,u*) 
R3 (4.53,3.11) 16.68 
R4 (4.67,3.24) 13.44 
R360 (4.64,3.22) 12.44 
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Figure 2. The symmetric area difference functional for the base polygon Ps = 
((-7, -8), (-4,3), (5,7), (5.5,3), (5, l), (3, -2)) and approximating polygon Qs = 
((4.92, -1.69), (2.31, -5.60), (-8.13, -5.60), (-6.83,0.93), (4.92,6.15), (5.57,0.93} us- 
ing the support function formulation. The position of Qs is shown at its minimizing 
location. 
Support Function Formulation 
For Qn referenced with respect to point I E P&, 
Step 1. construct H((Pm;l),~) and H((Q,;l),u) for u E S1; 
Step 2. calculate [H((P,; I), u) - H((Qn; I), u)]~ for u E S1; 
Step 3. compute MP,, Qn) = d_/[H(Pm; I>, u> - WC&,; I>, ~11” du; 
Step 4. minimize hz(P,, Q,) over Pm. 
To perform Step 1, the support functions are extracted from Pm and Qn at the reference point I 
using the definition of the functional. The algebraic computation in Step 2 and the integration 
in Step 3 are performed using the functionals constructed in Step 1. The minimization procedure 
in Step 4 is again based on an enumerative (grid generation) strategy. 
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EXAMPLE. P6 = ((-7, A), (-4,3), (5,7), (5.5,3), (5,1), (3, -2)). 
The approximating figure is chosen to be the convex polygon 
&a = ((4.92, -1.69) (2.31, -5.60), (-8.13, -5.60), (-6.83,0.93), (4.92,6.15), (5.57,0.93}. 
The perimeter L(Ps) = 42.61 x L(Qs), and the location of the best approximating Qs is shown 
in Figure 2 with the associated symmetric difference area functional. Roughly 2700 points were 
computed for the grid generation, and again, computation times are on the order of a few seconds. 
The solution center occurs at (0.459, -0.815) with a functional value 32.48. I 
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